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Abstract. In this paper we study some questions in connection with uniform rectifiabihty 
and the boundedness of Calderon-Zygmund operators. We show that uniform rectifiabihty 
can be characterized in terms of some new adimensional coefficients which are related to the 
Jones' (3 numbers. We also use these new coefficients to prove that n-dimensional Calderon- 
Zygmund operators with odd kernel of type are bounded in L'^ifJ.) if fJ. is an n-dimensional 
uniformly rectifiable measure. 



1. Introduction 

In this paper we study some questions in connection with uniform rectifiabihty and the 
boundedness of Calderon-Zygmund operators. 

Given < n < d, we say that a Borel measure fi on is ra- dimensional Ahlfors-David reg- 
ular, or simply AD regular, if there exists some constant Co such that Cq^t"' < fi{B{x,r)) < 
CqT^ for all X G supp(yu), < r < d(supp(yu)). It is not difficult to see that such a measure 
must be of the form dfi = p c?'^^|^upp(/i) ' where p is some positive function bounded from above 
and from below and stands for the n-dimensional Hausdorff measure. A Borel set £' C M'^ 
is called AD regular if the measure is AD regular. 

Throughout all the paper p will be an n-dimensional AD regular measure on Mf^, with 
n integer and < n < d. 

The notion of uniform n-rectifiability (or simply, uniform rectifiabihty) was introduced by 
David and Semmes in [DS2]. For n = 1, an AD regular 1-dimensional measure is uniformly 
rectifiable if its support is contained in an AD regular curve. For an arbitrary integer n > 1, 
the notion is more complicated. One of the many equivalent definitions (see Chapter I.l 
of [DS2]) is the following: p is uniformly rectifiable if there exist 6,M > so that, for 
each X G supp(yu) and R > 0, there is a Lipschitz mapping g from the n-dimensional ball 
Bn{0, R) C into M.'^ such that g has Lipschitz norm < M and 

p{B{x,R)ng{B^{0,R))) > OR^ 

In the language of [DS2], this means that supp(/i) has big pieces of Lipschitz images o/M". 
A Borel set E (ZW^ is called uniformly rectifiable if is uniformly rectifiable. 
The n-dimensional Riesz transform of a function / : M"^ — >■ M with respect to p is 

/X — y 
^— -|^/(?/)rf/i(?/), 

for X ^ supp(/i). Notice that (x — y)/\x — y|" is a vectorial kernel. In [DSl] it is proved 
that if p is uniformly rectifiable, then R^ is bounded in L'^{p) (see (1.4) below for the precise 
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definition of boundedncss of R^). On the other hand, it is an open problem if, given an n- 
dimensional AD regular measure /x, with n > 1, the L'^{n) boundedness of the n-dimensional 
Riesz transform implies the uniform rectifiability of See [Pa, Chapter 7]. This problem 
has only been solved in the case n — 1 (by Mattila, Melnikov and Vcrdera [MMV]), by using 
the notion of curvature of measures, which is useful only for n = 1 (see [Fa]). In fact, there 
is a strong connection between this question for n = 1 and the so called Painleve problem 
(i.e. the problem of characterizing removable singularities for bounded analytic function in 
a geometric way). See [Da2], [Le], [To2], and [Vo], for example. In the present paper we 
develop new techniques and we obtain some results in connection with the problem of 
boundedness of Riesz transforms and rectifiability. 

A basic tool for the study of uniform rectifiability are the coefficients (3p. Given 1 < p < oo 
and a cube Q, one sets 

where the infimum is taken over all n-planes in and i{Q) denotes the side length of Q. 
For p = oo one has to replace the If norm by a supremum: 



where the infimum is taken over all n-planes L in M again. The coefficients I3p first appeared 
in [Jol] and [Jo2], in the case n — 1, p — oo. In [Jol] R Jones showed, among other 
results, how the /3oo's can be used to prove the boundedness of the Cauchy transform 
on Lipschitz graphs. In [Jo2], he characterized 1-dimensional uniformly rectifiable sets in 
terms of the /3oo's. He also obtained other quantitative results on rectifiability without the 
AD regularity assumption. For other p's and n > 1, the PpS were introduced by David and 
Semmes in their pioneering study of uniform rectifiability in [DSl]. 

In the present paper we will define other coefficients, in the spirit of the /3p's, which are 
also useful for the study of uniform rectifiability. Before introducing these coefficients, we 
need to define a metric on the space of finite Borel measures (supported in a ball). Given a 
closed ball B <zW^ and two finite Borel measures a, on R*^ , we set 

distB(o', z^) := supj J f da - f f du : Lip(/) < 1, supp(/) C ^j, 

where Lip(/) stands for the Lipschitz constant of /. It is easy to check that this is indeed 
a distance in the space of finite Borel measures supported in the interior of B. See [Ma, 
Chapter 14] for other properties of this distance. 

Given an AD regular measure on and a cube Q which intersects supp(/x), we consider 
the closed ball Bq:= B{zq,3 d{Q)), where zq and d{Q) stand for the center and diameter of 
Q, respectively. Then we define 

<iQ) ^=^(^iidist^a(/^'^^r^)' 

where the infimum is taken over all the constants c > and all the n-planes L. For conve- 
nience, if Q does not intersect supp(/i), we set a^{Q) = 0. To simplify notation, we will also 
write a{Q) instead of a'^{Q)- 

Notice that the coefficient a{Q) measures, in a scale invariant way, how close is /i to a fiat 
n-dimensional measure in Bq. Recall that a measure u is said to be flat and n-dimensional 
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if it is of the form v = c7i|^, for some constant c > and some n-plane L. It is worthwile to 
compare the coefficients a with the /3p's: basically, the latter coefficients only give information 
on how close supp(/x) r\2Q is to some n-plane (more precisely, how close is supp(/i) n2Q to be 
contained in some n-plane). On the other hand, the coefficients a contain more information 
than f3p. For instance, if supp(/i) is contained in an n-plane, then j3p{Q) = for any Q. 
However, in this case we may still have a{Q) > 0. This will be the case if does not coincide 
with a flat a measure in Bq. In Lemma 3.2 we will show that, for /i AD regular, 

PiiQ) < CaiQ) 

for all dyadic cubes Q E V (see Section 2 for the precise definition of the dyadic cubes from 
V in the context of AD regular measures). As the preceding example shows, the opposite 
inequality is false in general. 

In Section 4 we will prove the following result: 

Theorem 1.1. Consider the n- dimensional Lipschitz graph T := {{x,y) e M" x M*^"" : y = 
A{x)}, with ||VA||oo < C*! < oo, and let d^{z) = p{z) dTi^Y^i^) > where p(-) is a function such 
that < p{z) < Ci uniformly on z & Then, the coefficients a satisfy the following Carleson 
packing condition: 

(1.1) c,{Qyi,{Q)<C2i{Rr, 

for any cube RcM.'^ which intersects supp(/i), where C2 depends only on n.d, and Ci. 

For simplicity, in this theorem we assume that R has sides parallel to the axes. We have 
denoted by V^d{R) the collection of dyadic cubes generated by R, i.e. the collection of cubes 
contained in R which are obtained by splitting R dyadically. 

Recall that (1.1) also holds if one replaces the coefficients a{Q) by Pp{Q), for 1 < p < 
2n/(n — 2), as shown in [Do]. 

We will also see in Section 4 that uniformly rectifiable sets can be characterized in terms 
of the ct's, similarly to what happens with the /3p's and the so called bilateral /3p's: 

Theorem 1.2. Let p he an n-dimensional AD regular measure. The following are equivalent- 
la) n is uniformly rectifiable. 

(b) For any dyadic cube R eV, 

(1.2) Yl oc{Qfl^{Q)<Cp{R), 

QeV:QcR 

with C independent of R. 

(c) For all e > 0, there exists some constant C{e) such that the collection Be of those 
cubes Q & V such that a{Q) > e satisfies 

J2 l^{Q)<C{e)p{R), 

QGB,:QCR 

for any cube R eT>. 

In the theorem, V stands for the lattice of dyadic cubes associated to p which is described 
in Section 2. 

Our main motivation to introduce the coefficients «(•) is to study the relationship between 
uniform rectifiability and the L?'{p) boundedncss of Caldcron-Zygmund operators. In partic- 
ular, we think that they can be a useful tool to study the aforementioned problem of proving 
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that the L'^{^) boundedness of the Riesz transform imphes the uniform rectifiabihty of 
II when /X is AD regular, as well as other related problems (see [To4] for a recent applica- 
tion concerning the existence of principal values for Riesz transforms and rectifiabihty) . The 
kernels K{-) : R*^ \ {0} — > R that we will consider satisfy 

C 

(1.3) \V^K{x)\ < for < j < 2 and xeR'^\ {0}, 

and moreover K{—x) = —K{x), for all x 7^ (i.e. they are odd). The kernel of 
the n-dimcnsional Riesz transform is a basic example (to be precise, we should consider the 
scalar components Xi/\x\"^^.) 

Given a finite positive or real Borel measure we define 

Tu{x) := J K{x - y) du{y), for x eW^\ swpp{u). 

We say that T is an n-dimensional Calderon-Zygmund operator (CZO) with kernel K{-). The 
integral in the definition may not be absolutely convergent for x G supp(i/) . For this reason, 
we consider the following ^-truncated operators T^, £ > 0: 



,v{x) -.^ 1 K{x -y)diy{y), xe 

J\x-y\>e 



Observe that now the integral on the right hand side above is absolutely convergent. We also 
denote 

T^y{x) = sup \Tsi'{x)\, 

e>0 

and 

p.y.Ti/ix) = limTsuix), 

whenever the limit exists. 

If /X is a fixed positive Borcl measure and / G Ll^^{fi), we set 

T^fix) := T{f dix)ix), for x G E'^ \ supp(/ dfi), 

and 

(1-4) T^,ef{x) :^T,{fdpi){x). 

The last definition makes sense for all x eW' if, for example, / G L}{lJ)- We say that 7)^ is 
bounded on L'^{ijl) if the operators T^ g are bounded on -f/^(/i) uniformly on £ > 0. 
In Sections 5 and 6 of this paper we will prove the following result: 

Theorem 1.3. Let fi be an n-dimensional AD regular m,easure on and T an n-dimen- 
sional CZO associated to an odd kernel K{-) : M'' \ {0} — >• M satisfying (1.3). Then we 
have 

(1-5) MU,) < E V(Q) + /^(C). 

If J^Qev '^iQy l^iQ) ^ ^^^^ p.v.T/i(a;) exists for fi-a.e. a; G M'^ and 
(1-6) l|p-v.r/.||i.(,)< J]a(Q)V(g). 

If /J, is uniformly rectifiable, then is bounded in L^{iJ>). 
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See Section 2 for the notation <. 

The fact that uniform rectifiabihty imphes the boundedness of CZO's with odd kernel 
was already known for C°° kernels satisfying 

(1.7) \V^K{x)\ < '^^^^ 



\x 



n+j 



for allj > (and maybe also assuming (1.7) only for a finite but big number of j's). See [Dal] 
and Section II. 6. B of [Da2]. However, the result is new if one only asks (1.7) for < j < 2, 
and so it improves on previous results. 

Most proofs of the boundedness of CZO's (with kernel) with respect to uniformly 
rectifiable measures use the method of rotations and the boundedness of the Cauchy 
transform on Lipschitz graphs (in fact, all proofs known by the author). This is not the case 
with the arguments that we use in this paper. Roughly speaking, our basic idea consists in 
decomposing T/x dyadically, and in obtaining estimates by comparing on each cube Q the 
measure /i with the fiat measure that minimizes a{Q) (notice that if z/ is a fiat measure then 
T^v vanishes on supp(i/)). This idea is inspired in part by the proof of the boundedness 
of the Cauchy transform on Lipschitz graphs by P. Jones in [Jol]. However, we recall that 
the arguments in [Jol] only work for the Cauchy transform. 

Given a non-increasing radial function ip such that Xb(o,i/2) Xs(o,2), for each 

j G Z, we set ipj{z) := %Ij{2^z) and tpj := ipj — V'i+i, so that each function tpj is non-negative 
and supported in the annulus ^4(0, 2~^~^, 2"-'+^), and moreover we have 'Ylij^z'^ji^) — 1 for 
any a; e M*^ \ {0}. For each j e Z we denote Kj{x) = ^j{x) K{x) and 

(1.8) Tjpi{x)^ j Kj{x-y)dpL{y). 

Notice that, at a formal level, we have T/i — X^jez-^:?'"' 

To prove Theorem 1.3 we will show that both sums in the right hand side above are bounded 
above by ^q^x>'^(QTp''(Q)- ^^^^^ show that 

(1-9) E ^ E «(^)V(Q) 

is quite easy (see Lemma 5.4 below), while the estimate of ^j^kiTj/i, Tkii) requires much 
more work. 

The final part of this paper deals with Riesz transforms. Let Rj denote the doubly truncated 
Riesz transform associated to the kernel ipj{x) x/\x\^'^^ , hke in (1.8). In Section 7 we will 
prove the following: 

Theorem 1.4. Let ji he an n-dimensional AD regular measure on W^. For j e Z, let Rj 
denote the doubly truncated Riesz transform introduced in Definition 7.1. For any Q & V, 
we have 

(1-10) E /^2(P)V(^')<C3(EP.7^i3Qlli^M + MQ)), 

PeV:PcQ jez 
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Moreover, C3 only depends on n, d, Cq and the constants involving ip in Definition 7.1. There- 
fore, if for any cube Q eV, 

(1-11) Ell^^mlli^(/.)^M^3), 

then /i is uniformly rectifiable. 

Let us remark that the kernels of the doubly truncated Riesz transforms Rj introduced in 
Definition 7.1 are defined as we did just above (1.8), although some additional properties are 
required for the auxiliary functions (fij. Notice also that the estimate (1.10) can be understood 
as a kind of converse of inequality (1.9). 

Mattila and Prciss [MPr, Theorem 5.5] have already proved that if all the CZO's with kernel 
of the form (/9(|a;|)a;/|x|"+"'^ satisfying (1.7) arc bounded in L^(/i), then fi is n-rcctifiablc, i.e. 

there exist Lipschitz mappings (jfj : M" — M'^ such that /i^R" \ IJi^i5'«(^")) ~ 0- David and 

Semmes [DS2, Theorem 2.59] have shown that, moreover, /x is uniformly rectifiable. It is not 
difficult to show that the assumption that all CZO's with kernel of the form (/7(|x|)a;/|a;|"+-'^ 
satisfying (1.7) are bounded in -L^(/x) impfies that (1.11) holds (see [DSl, Chapter 3] for a 
related argument). 

Acknowledgement: The author wants to thank the referee for helpful comments that im- 
prove on the readability of the paper. 

2. Preliminaries 

As usual, in the paper the letter 'C stands for some constant which may change its value at 
different occurrences, which quite often depends only on n, d, and the AD-regularity constant 
Cq. On the other hand, constants with subscripts, such as Ci, retain its value at different 
occurrences. The notation A ^ B means that there is some fixed constant C such that 
A < CB, with C as above. Also, /I pa i? is equivalent to A < B < A. 

The closed ball centered at x with radius r is denoted by B{x, r). 

Recall that throughout all the paper we are assuming that /i is a fixed AD regular n-dimen- 
sional measure. We denote E = supp(/i). For simplicity of notation, we will also assume that 
d{E) = 00. However all the results stated in the paper are valid without this assumption. 
The required modifications are minimal. 

In this paper we will use the so called "dyadic cubes" built in [Da2, Appendix 1] (see 
also [Ch] for an alternative construction). These dyadic cubes are not true cubes, but they 
play this role with respect to /i, in a sense. 

Let us explain which are the precise results and properties about our lattice of dyadic 
cubes. For each j e Z, one can construct a family Vj of Borel subsets of E (the dyadic cubes 
of the j-th generation) such that: 

(i) each Vj is a partition of E, i.e. E — UQe© Q Q r\Q' — whenever Q, Q' e T>j 

and Q^Q'; 

(ii) ff Q e Vj and Q' e Vk with k<j, then either Q d Q' 01 Q r\Q' = 0; 
(ni) for aU j e Z and Q e Vj, we have 2"^ < d{Q) < 2'^ and fi{Q) ^ 2^"; 

(iv) if Q e T>j, there is a point zq E Q (the center of Q) such that dist(2;Q, E\Q) > 2"^ 

We denote V — \Jj^iT>j. Given Q e T>j, the unique cube Q' e T>j-i which contains Q is 
called the parent of Q. We say that Q is a sibling of Q'. HQ is from the generation j, we 
write J{Q) = j. 
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For Q eVj, we define the side lengtli of Q as = 2'^ Notice tliat £(Q) < d(Q) < 
Actuaily it may liappen tliat a cube Q belongs to Vj fl witli j ^ k, because tliere may 
exist cubes with only one sibling. In this case, i{Q) is not well defined. However this problem 
can be solved in many ways. For example, the reader may think that a cube is not only a 
subset of E, but a couple {Q,j), where Q is a subset of E and j e Z is such that Q ^Vj. 

Given A > 1, we set 

XQ:^{xeE: dist(a;, Q) < (A - 

For ReV,we denote V{R) ^ {Q eV : Q C R}. 

Let us remark that we will not need the "small boundaries condition" for the dyadic cubes 

(see [DS2]). 

In this paper, the usual cubes in will be called "true cubes" , to distinguish them from 
the "false cubes" in T>. 



3. Elementary properties of the coefficients a{Q) 

In the Introduction we defined the coefficients a{Q) for true cubes Q C W^. For Q e T>, 
the definition is the same. So given Q C R'', which may be either a true cube or a dyadic 
cube from V, we set 

(3.1) aiQ) = J^^y^ J^i^ distB^/x, cH^l), 

where the infimum is taken over all the constants c > and all the n-planes L, and Bq — 

B{zQ,3i{Q)). Observe that Q C Bq. We denote by cq and Lq a constant and an n-plane 
that minimize dist BgifJ-- (''H'^l) (i^ ^^^Y check that this minimum is attained). We also 
write Cq := cqHVj^ , so that 

1 1 

«(Q) - ^^Q^n+l distBg(^, CqH^Lq) = j^^^distBQ{fi, Cq) . 

Let us remark that cq and Lq (and so Cq) may be not unique. Moreover, we may (and will) 
assume that Lq n Bq ^ 0. 

For simplicity, in the lemmas below we will work with dyadic cubes Q & D. However, most 
of the results hold also for true cubes Q such that Q fl supp(//) 7^ and i{Q) < d(supp(/i)). 

Lemma 3.1. For all P,Q eV, the coefficients «(•) satisfy the following properties: 

(a) a{Q) < 1. 

(b) IfPcQ and i{P) ^ i{Q), then a{P) <a{Q). 

(c) If a{Q) < C4, with C4 small enough, then Lq fl B{zQ,d{Q)) ^ and cq ~ 1. 

In a sense, (c) says that if a{Q) is small enough, then Lq is quite close to Q (recall that 
by definition we assumed Lq fl Bq ^ and that ^(zq, d((5)) = |-Bq). 

Proof. The statement (a) is a direct consequence of the definitions. The property (b) follows 
from the fact that if P C Q, then Bp C Bq (recall that d{R) < i{R) for all R e V) and so 
dist Bp{lJ',J^) < distBQ{lJ>,i^) for any given measure f. 

Let us turn our attention to (c). To show that Lq H B[zQ,d{Q)) 7^ if C4 is small 
enough, take a smooth function function ip such that XB{zQ,d{Q)/w) < < XB{zQ,d{Q)/2) with 
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llVv^lloo ^ ^/'i{Q)- Then we have ||V((^dist(-, Lq))||oo ^ 1, and since ip dist{-, Lq) vanishes 
on Lq, we have 



ip{x)dist{x, Lq) dii{x) 



< 



a{Q)e{Q) 



n+l 



On the other hand, 



/ 



if (x) dist {x, Lq) dfi{x) > dist(supp ((/?), Lq) J Lpdfi 

> dist(supp((^), Lq)h{Q). 



If a{Q) is small enough we infer that dist(supp((/7), Lq) < d{Q)/10, and so LQnB{zQ, d{Q)) ^ 
0. 

Let us check now that cg ~ 1. Let be a smooth function such that Xg < < Xbq and 
IIVVIloo < Then 



il^dCQ 



< 



a{Q)fi{Q). 



Thus, 



ijdfx-Ca{Q)fx{Q) <CQ j ^dn^LQ < j dfx + CaiQ)fi{Q). 



From the second inequality, we deduce easily that cq < 1. From the first one, we see that if 
a{Q) < C4, where C4 is small enough, then 



CQ J ^dU^^ > fx{Q) - Ca{Q)f,{Q) > ^/x(g), 
which implies that cq > 1. 



□ 



Recall the definition of the bilateral 



bPiiQ) 



1 



2Q 



dist(y,L) 

m 



dn{y) + 



distfx, E) 



LnB{zQ,2diQ)) 



dUUx) 



where the infimum is taken over all the n-planes L and E = supp (//.). We have the following 
relationship between b/3i{Q) and a{Q): 

Lemma 3.2. For all Q & T> we have 

Pi{Q)<bf3,{Q)<a{Q). 

Proof. The first inequality is trivial. For the second one we may assume a{Q) < C4. Given 
an arbitrary n-plane L, we take 



f{x) :— dist(a;, L) — dist(a;, E) 



ip[x) 



where (/? is a smooth function such that XB{zQ,2d{Q)) ^ f ^ Xbq and ||V</?||oo ^ It is 

straightforward to check that ||V/||oo i$ 1- As a consequence, for any c > 0, 



distBQ(/i, cn\L) > 



fdn 



fdU 



ip{x)d\st{x, L) dix{x) + ^ y v{x)d\st{x, E) dl-Ci^]^{:> 
>min(l,c)6/3i(g) £(g)"+^ 
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If we choose L = Lq and c = cq, we get 

distB^(//, CQ)>b(3^{Q)£{Qr+\ 
since cq 1 (because a{Q) < C4), and the lemma follows. □ 
Remcirk 3.3. The calculations in the preceding lemma show that the following holds: 



dist(|/, Lq) 



dfi{y)<a{Q). 



'B(zQ,2d(Q)) ^(Q) 

Lemma 3.4. Let P,Q e V be dyadic cubes such that P C Q, with rii{Q) < i{P) < i{Q) for 
some fixed 77 > 0. Then we have 

(3.2) dist^(Lp n Bq, Lq n Bq) < C{7j)a{Q)i{Q), 

where distil stands for the Hausdorff distance. Also, 



(3.3) 



\cp - cq\ < C{rj)a{Q). 



Proof. All the constants in this proof (including the ones involved in the relationship ";<") 
are allowed to depend on 77. 

Clearly, we may assume that a{Q), Oi{P) < C4. Otherwise, the statements in the lemma are 
trivial. First we prove (3.2). Let ipp be a smooth function such that XB{zp,2d{P)) < V^p < XBp 
and ||V</7p||oo ^ l/-^(-P)- Then we have ||V(</Ppdist(-, Lq))||oo < 1, and so 



(pp{x)dist{x, Lq) diJ,{x) — J (pp{x)dist{x, Lq) dCp{x) 
Moreover, since </7pdist(-, Lq) vanishes on Lq, we have 



a{P)e{P) 



n+1 



< 



a{Q)e{Q) 



n+l 



(pp{x)dist(x, Lq) dijL(x) 
Taking into account that a{P) < a.{Q), we get 

dist(x, Lq) dUix) < aiQ)£{Q)"+\ 



' B{zp,2d{P)) 

Using that Lp fl B{zp, d(P)) 7^ 0, it can be shown that the above estimate implies (3.2). 
To prove (3.3), take ipp as above. We have 



J (fpdii-cp J ippdH^L^ 



< 



a{P)f^{P)<a{Q)f,{Q). 



Also, 
Thus, 



(fP dn-CQ J (fp dTV^LQ 



cp J ^pdH^L^-CQ J ifpdn^, 



<c^iQMQ)- 

a{Q)^{Q). 



< 



Then we have 

(3.4) Icq -cpljifp dHl, < a{Q)fi{Q) + cq J ifp dH^^ - J ifp dH 
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Using (3.2), it can be shown that 



< 



Since cq < 1 and / ^ppdU^j^^ ^ n{Q), (3.3) follows from (3.4). □ 



4. The coefficients a on Lipschitz graphs and uniformly rectifiable sets 

To prove Theorem 1.1 (and only for this theorem), for convenience we prefer to work with 
the family of the true dyadic cubes of W^, which we denote by P^d. Although, for a cube Q of 
this type the estimate fi{Q) ~ ^(Q)" may fail, for the cubes Q G V^d which intersect supp(/i) 
we have A*(2(5) fa i{Q)'^. Recall that if Q does not intersect supp(//), for convenience we set 
a{Q) = 0. 

Given a true cube Q with sides parallel to the axes, we denote by Iq the projection of Q onto 
the n plane {{xi, . . . , Xd) G M'' : Xn+i — • • ■ — xa = Q}- Observe that Iq is an n-dimensional 
true cube. 

Proof of Theorem 1.1. For x e R", we denote A{x) :— {x,A{x)), and we set 

g{x):= p{A{x))\J{A){x)l for x e R", 

where J{A){x) stands for the n-dimensional Jacobian of the map x ^ A{x). Given a 
cube Q G V^d which intersects supp(|u), let Q be a cube with side length 16£((5) such 
that Q G T>^d{Q) and Bq C Q. We will show that 

n(T\l+n/2 

(4.1) «(g)<A(2g)+ 7(^1?^ Il^^^ll^' 

where V-^n^lQ) stands for the collection of dyadic cubes from which are contained in J^^, 

the projection of Q onto the n-plane G M°' : a;„_|_i = ■ ■ ■ = x^ = Q}- Notice that in this 
inequality Q is a cube in and the J's are cubes in M". Also, the norm is taken with 
respect to the n-dimensional Lebesgue measure on R". Let us see that the theorem follows 
from the preceding estimate. Indeed, we derive 

E «(^3)V(Q)< E A(2^3)V(Q) 



The first sum on the right hand side is bounded above by Cl{RY, by the results of David 
and Semmes. To deal with the last sum, which we denote by 82-1 we apply Cauchy-Schwartz: 

^-EiE S.-.i)(^,E S.'.-)^. 



UNIFORM RECTIFIABILITY AND CZO'S 



11 



Since EievMiQ)m^i^T ^ ^iQ)^ we get 



HA „n2 



< y: \\^^9\\i E 



HQ)- E ii^^^ii 



Since g is & bounded function, we deduce that 5*2 < i{R)"'. 

It remains to show that (4.1) holds. For any x e I^q C Iq, we have 

9i^)^ E ^i9{x)+9Iq 

To estimate a{Q), we choose an n-plane L — {{x, y) e x R"^"" : y — a{x)} (where a{x) is 
an appropriate afhne map) which minimizes /?i(3Q) and we set cq :— gi^/\J{a)\ (notice that 

the Jacobian of the map x h-^ a{x) := {x,a{x)) is constant and bounded from below). Given 
a Lipschitz function / supported in Bq with Lipschitz constant < 1, we have 



dx 



< 



f{z)d^{z)-CQ j f{z)dn^ 

f{A{x))g{x)dx-CQ J f{a{x))\J{a) 
j f{A{x))gj.dx-j f{a{x))gj.dx + E / f{A{x))Ajg{x)dx 



To deal with Ti we take into account that is bounded (since is a bounded function) and 
that / is 1-Lipschitz and supp(/) C Bq C 6Q: 

Ti< f \f{A{x)) - f{a{x))\ dx< f \A{x) - a{x)\ dx < A(2g)^(g)^+^ 
J Jgiq 

For T2 we use the fact that Aig has mean value zero and / and A are Lipschitz maps: 
T2= E [{f{A{x))-f{A{xi))Aig{x)dx 

From the estimates of Ti and T2 and the definition of a{Q), we get (4.1). □ 

Remark 4.1. Let F be an n- dimensional Lipschitz graph with compact support in M""*"^. 
That is, r := {{x,y) G M" x E : y = A{x)}. Set /i = H^^. By the calculations in the 
preceding theorem, we have 

E «(Q)V(Q)< E mQ)'m+ E ii^^^ii2' 
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where 

g{x) = \J{A){x)\ = {l + \VA{x)\'fl\ 

Notice that 



\9{x) - 1| 



So we have 



W^igWl <C [ \gix) - l\'dx < \\WA\\l 

lev-,. J^'^ 



On the other hand, by [Do, Theorem 6], we also have 
RecaUing that < oi{Q) for any cube Q, we get 

E a(g)V(Q) «^ l|VA||^, 

with constants depending on Ci in Theorem 1.1. 



Proof of Theorem 1.2. It is clear that (b) ^ (c). On the other hand, we have shown in 
Lemma 3.2 that bPi{Q) < O-iQ) for any cube Q E V. Thus, if the coefficients a satisfy the 
packing condition 

E a(Q)V(Q)<M^) foralliieD, 

then an analogous inequality holds if we replace a by bPi or by (3i. As a consequence, // is 
uniformly rectifiable in this case, by the results of David and Semmes in [DSl]. Thus, (b) 
(a) in Theorem 1.2. 

Analogously, if (c) hods, then for all e > 0, there exists some constant C{e) such that the 
collection B'^ of those cubes Q eV such that bPi{Q) > e satisfies 

J2 KQ)<C{e)m 

for any cube R E T). As a consequence, E = supp(/i) satisfies the so called bilateral weak 
geometric lemma and by [DS2, Theorem 2.4] n is uniformly rectifiable. That is, (c) =^ (a). 

The proof that (a) =^ (b) is more technical. We give only some hints: this follows by using 
the fact that uniformly rectifiable sets admit corona decompositions (see [DSl] or [DS2] for 
the precise definition). Then the arguments are similar to the ones in [DSl, Section 15], where 
it is shown that the existence of a corona decomposition implies that the /3i(Q)'s satisfy a 
packing condition like the one in (1.2). The idea consists of constructing a partition of V into 
sets (that we call trees) such that on each tree n is well approximated in some precise sense 
by n-dimensional Hausdorff measure on a Lipschitz graph. Then one uses the fact that the 
a's satisfy a Carleson packing condition on Lipschitz graphs (because of Theorem 1.1), and 
one argues by approximation on each tree. □ 
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5. Estimates for Calderon-Zygmund operators in terms of the 

COEFFICIENTS a 

5.1. The L'^in) boundedness of T^. When /i is uniformly rectifiable, the fact that is 
bounded in is a consequence of inequahty (1.5) and the T{1) theorem. Indeed, suppose 
first that II is supported on a Lipschitz graph. Then for any dyadic cube R, 

E «(Q)V(Q) <M^)- 

QgX>(R) 

Thus if we apply inequality (1.5) to h\r (which is itself AD regular), then we deduce that 
||^*(XRA*)||L2(y:i) < iJ,{Ry^'^, and so is bounded in -L^(/i) by the T'(l) theorem. 

If fi is uniformly rectifiable but not supported on a Lipschitz graph, then is also bounded 
in L^{ld) because of the "big pieces functor" (see Proposition 1.1.28 of [DS2]). An alternative 
argument consists of using Theorem 1.2, which implies that the coefficients a{Q) satisfy the 
packing condition above, and then the same proof given for supported on a Lipschitz graph 
works in this case. 

Section 6 and the rest of the present section are devoted to the proof of inequalities (1.5) 
and (1.6) in Theorem 1.3. 

5.2. Decomposition of Tfj, with respect to X>. As explained in the Introduction, to prove 
(1.5) and (1.6) we will decompose Tfi using the dyadic lattice V associated to fi. Let ip be 
a non-increasing radial C°° function such that Xb{ci.i/2) ^ V-' ^ Xb(o,2)- For each j G Z, set 
'4'j{z) := %Ij{2^z) and ipj := ipj^^ — ipj^^ (recall that in the Introduction we set ipj := ipj — ipj+i; 
for simplicity in some calculations below, we prefer the choice (fj :— ipj+3 — so that 
each function (fj is non negative and supported in A{0, 2~^~^, 2~^~'^)), and moreover we have 

J^'Pji^) = 1 

for any x {0}. For each j e Z we denote Kj{x) = fj{x) K{x) and 

(5.1) Tjix{x)^ j Kj{x-y)dii{y). 
For each Q G P, we set 

TqH := XQTj{Q)li. 

Recall that J{Q) stands for the integer such that Q eVj. Formally we have 

mez mez Qei>m 

This decomposition of T/x is inspired in part by [Se]. See also [Tol], [MT] and [To3] for some 
related techniques. 
Let us denote 

j:j<m 

To prove the estimates (1.5) and (1.6) in Theorem 1.3, we will show that 

(5.2) l|7^M/^llW)<E«(^)'/^(^)' 
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uniformly on m € Z. By the following "Cotlar type" inequality: 
(5.3) ||r*/x||i2(^) < limsup ||T(^)//|U2(^) + //(C), 

m— >oo 

this imphes (1.5). The proof of (5.3) follows by arguments analogous to the ones of the 
usual Cotlar inequality although, in our particular case, it is not necessary to use the LP'i^) 
boundedness of (which we are not assuming) to prove it, because of the antisymmetry of 
T^. See for instance [Vo, Lemma 5.1] for a similar estimate. 
The existence of p.v.T/x(a;) for /x-a.e. x under the assumption 

J] a(g)V(Q) < oo 

is a consequence of the fact that this implies that supp(/i) must be n-rectifiable (although per- 
haps not uniformly rcctifiable), and so is supported on a countable union of n-dimensional 
Lipschitz graphs. Since T-y^n^Y is bounded on L^(7i|[,) for any n-dimensional Lipschitz graph F 
(by Subsection 5.1), it follows that p.v.T/i(x) exists fi-a.e. The arguments are similar to the 
ones in [Ma, Chapter 20]. On the other hand, T^rn)l^{x) can be written as a convex combi- 
nation of TeiJi{x), with < £ < 2~"*~^. Indeed, if we set g{\x — y\) = 1 — ipm+Aix — y), we 
have 

T{m)l^{x)^ ^ Tjn{x)^ / g{\x-y\)K{x-y)dn{y), 

j:j<m 

and then by Fubini it is easy to check that 

//■oo /.2-"'-3 
g{\x-y\)K{x-y)dM- / g'ie)T,fi{x) de ^ / g'{e)T,f,{x) de, 
Jo Jo 

since g{e) — 1 for e > 2~"^~^. Then, it turns out that whenever p.v.T'//(x) exists we have 

lim r(^)/x(x) = p.v.r/x(x). 

Since T^/i e L^{lJ>), by dominated convergence we derive 

||p.v.T/x|||2( ) = lim ||T(^)/i||i2( ) < y'a(g)V((3). 

m—^oo ' ^ 

So it only remains to prove (5.2). To this end we set 

\\T{m)^^\\l2^^)= ^ \\Tj^i\\l2^^)+2 ^ {Tj^,Tk^). 

j:j<m j,k:j<k<m 

We will see that the first sum on the right side is easy to estimate, while the last sum will 
require some harder work. To estimate this last sum we will show that the oddness of K{-) 
introduces some quasiorthogonality among the different functions Tj/i, j e Z. 

5.3. Estimates for Tqfx in terms of the coefficients a. Given Q e D, we denote 

Lemma 5.1. Given Q e T>m, we have 

(a) ForanyxeLQnB{zQ,2d{Q)), \TrnpL{x)\ < a{Q) . 

(b) / |TQ/x|rf/x<a(g)Mg). 
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(c) J \TQ^,\'d^,<A\Q)^^{Q)■ 



Proof. Let us prove (a). Notice that if x G B{zQ,2d{Q)), then supp[Km{x — ■)] C Bq. 
Moreover, HVK^l^^ ~ OIloo ^ £{Q)^'^^^. Given an arbitrary n-plane L and c > 0, if a; G L we 
have 

Km{x - y) dn{y) - cJ Km{x - y) dH^Liv) 
Since Kjn{-) is odd, the second integral vanishes, and so 

\Tm^J^{x)\ < £(g)n+i distBQ(/x,c7t:[^). 

If we choose L = Lq and c = cq, the statement (a) follows. 

Now we will prove (b) and (c) simultaneously. Given x & Q, let x' be the orthogonal 
projection of x onto Lq. Then we have 

dist(x, Lq) 

We may assume that x' G B{zQ,2d{Q)) because otherwise dist(x, Lq) > i{Q)/2 and this 
would mean that A{Q) > a{Q) ^ 1 (see Remark 3.3), and then (b) and (c) would be trivial. 
So, using (a), we have 



Thus, for p > 1, 



dist(a;,LQ) dist(a;,LQ) 
\Tmfi{x)\ < — J(^y^ + \Tmf^i^)\ < — + a{Q). 



J |TQ/.rrf/.<^(^^^^^ycZMx) + «(Q)MQ)- 



For p = 1 the first integral on the right side is bounded above by Ca(Q)fi{Q), by Remark 3.3, 
and (b) follows. On the other hand, if we choose p = 2, (c) is a consequence of next lemma. □ 

Lemma 5.2. Let x G supp(/i) and Q eV such that x E Q. We have 

(5.4) dist(a;, Lq)< J] «(P)£(P), 

PeV:PcQ,x&P 

and 

(5.5) 1^ (^^^llr^) ' - ^\QMQ)- 

Proof. Let us see how (5.5) follows from (5.4). By Cauchy-Schwartz we have 
-d ist(a;,LQ) y ^ / ^ ^(P)2m\f V ^ 

PeV:PcQ,xeP 

and then (5.5) follows by integration on Q. 

To prove (5.4), let tiq > 1 be some integer to be fixed below, and consider the sequence 
of dyadic cubes Q = Qo ^ Qi ^ Q2 ■ ■ ■ such that x G Qm for each m > 1 and i{Qm) — 
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2~™"''£((5). Let Sq be some (small) constant that will be fixed below too. Let > 
be the least integer such that a{QN) > £o- If N does not exist because a{Qm) < £o for 
all m > 0, we let N be an arbitrary positive integer. Let be any point from and for 
m — N — 1, N — 2, ... ,0 let be the orthogonal projection of a^+i onto Lq^. Then we 
have 

N-l 

(5.6) dist(aAr,LQ) < dist(aAr, Lq^^ ) + ^dist(a^,a„+i). 

m=0 

Our next objective consists in showing that 

(5.7) \am - am+i\ < a{Qm)i{Qm) form = 0, 1,...,A^-1. 

Let us see first that (5.4) follows from this estimate. Indeed, from (5.6) and (5.7) we infer 

N-l 

dist(ajv, Lq) < dist(aiv, Lq^) + a{Qm)i{Qm)- 

If a{Qm) < ^0 for all m > (in this case N was chosen as an arbitrary positive integer), we 
let — >• cxD in the preceding inequality, and then qn ^ x and dist(aAr, Lg^) — > 0, and so 
(5.4) follows. If a{QN) > Eq, then 

\x - QnI + dist(aAr, Lq^) < i{QN) < £o^a{QN)^{QN)- 
Thus, by (5.6) and (5.7), 

N-l N 

dist(x, Lq) < \x — ajsrl + dist(ajv, Lq^^) + dist(a^, ttm+i ) <I]«(Qm)^(Qm)- 

m=0 m=0 

To prove (5.7) we wish to apply Lemma 3.4. Then we need to show first that € Bq^ for 
m = N, N — 1, . . . ,1. We argue by backward induction. Indeed, for m = N, this holds by the 
definition of oat. Assume now that am+i £ -Bq^+i and let us see that e Bq^. Remember 
that for m = A?" — 1, A^" — 2, . . . , 1, we have a{Qjn) < £o- By the AD regularity of /x, all points 
y e Qm+1 C Qm satisfy 

dist(y,LQ^) < C{eo)e{Qm) < d{Qm+i)/2, 

assuming that Eq has been chosen small enough (depending also on choice of Uq). So we infer 
that Lq^ n Bq^^^ 7^ 0. Recall that, by the induction hypothesis, a^+i £ -Sq^+i- If Uq has 
been chosen big enough we deduce that 

(5.8) \am+i - ami = dist(a^+i, LqJ < A{Bq^^^) < d(Q^)/4. 

It is straightforward to check that Bq^^^ C B{zq^, 2d{Q„i)) for uq big enough. Thus we have 
Qm+i e B{zQ^,2d{Qm)). This fact and (5.8) imply that e Bq^. 

The estimate (5.7) follows now easily from Lemma 3.4 using the fact that a^, Om+i G Bq^: 

I < distniLQ^ n Bq^, Lq^^, n BqJ < a{QJ i{QJ. 

□ 

Remark 5.3. Almost the same arguments used to prove (5.4) show that ii S,Q & T) are 
cubes such that S G Q and x G supp(/x) fl 25", then we have 

(5.9) dist(x, Lq) < dist(x, Ls) + Yl ^(^)- 

P(iV:S<ZP<ZQ 
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5.4. Estimate of Yl/j^i ll^iMllz,2(^)- The following lemma is an easy consequence of (c) in 
Lemma 5.1. 

Lemma 5.4. For every R E V, we have 
Proof. By (c) in Lemma 5.1 we have 

QeV{R) QeV:QcR 

QeV:QcR P€V:PCQ ' 

PeV:PcR Qev-.PcQcR 



^ E ^^pfm- 



< 

Pev-.PcR 



□ 



So we have 

(5.10) Ell^: <E«(Q)V(Q). 

jez Qev 

Remcirk 5.5. In [DSl] it is shown that the following condition is necessary and sufficient 
for fj, to be uniformly rectifiable: for each C°°, compactly supported, odd function : R'' — > R, 
there is a C > such that for any cube R eT>, 

2 



(5.11) E 

j>JiR) 



xeR 



^l)j{x - y) dii{y) 



dii{x) < Cn{R), 



where ipj{x) = 2^""ip{2^ x). 

For any n dimensional AD regular measure it is easy to check that 

(5.12) E / hji^- y) My) df^ix) < E «(Q) V(Q). 

The arguments are very similar to the ones we used to obtain (5.10). The role of T,// in (5.10) 
is played now J ipji^ — y) dii{y). As a consequence, if ii is uniformly rectifiable, then (5.11) 
can be deduced from (5.12) applied to This way of proving that uniformly rectifiable 
measures satisfy (5.11) is very different from the one in [DSl]. 

6. Estimate of Y.j,k:k>j{'^jl^^'^kl^) terms of the a's 
In this section we will show that 

E |(T,/x,rfe/x)|<E«(Q)V(Q). 

j,k:k>j QeV 

The key idea consists in using quasiorthogonality. This will finish the proof of Theorem 1.3. 
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Given k > j fixed, let m = [{j + k)/2], where [•] stands for tlie integer part. We write 

wliere {^s}sev,n ^ family of C°° functions such that each ips satisfies supp((/95) C U^(^s)/w{S) 
(where Ui(s)/w{.S) stands for the (£(5')/10)-neighborhood of S) and HV^JsHoo < C/i{S), and 
moreover X^sgd^ = 1 on E. Let xs be the orthogonal projection of the center of S, zs, 
onto Ls- We set 

{Tji^,ni^)= J2 {vs{Tjii - Tjii(xs)),ni^) + Tji^(xs){^s,Tkl^) 
(6.1) SeVm SeVm 

6.1. Estimates for Aj^k in (6.1). We write Aj^k as follows: 

ReVj seVm-.scR 

Thus, 

Y ^j,k = Yl Y {'Ps{Tj(R)fJ.-Tj^R)fJ.ixs)),Tkfx) =:YAr, 

j,k:k>j Rev k>J{R) SeVm-.ScR Rev 

where J{R) stands for the generation of R. 
We will need the following lemma. 

Lemma 6.1. Given Q e Vm and x,y & B{zq, 2d{Q)), we have 
(6.2) 



r„^W - T^,W\ < "W)<(Q) + dist(^^^^.) + di.tfa,L,) 1^ _ ^1 



+ 



|nLx(x-y)| 



where n^± denotes the orthogonal projection on the the subspace orthogonal to Lq . 

Let us remark that in the proof of the preceding lemma we will use the assumption 
(6.3) |V2i^(x)|<-^ VxeM'^\{0}. 

This is the only place in this paper where it is used. 

Proof. Let m be a unit vector parallel to Lq. First we will show that for any x G B{zq, |d((5)) 
(64) |Vr«(x)|<^ + ^^^^^^lM 

where stands for the directional derivative in the direction of u. Indeed, for any x G 
B{zQ,ld{Q)), 

VuTml^{x) = J VuKm{x - y) dn{y). 



By the assumption (6.3), we have 

jv.K^ix-y)d,iy)-jv.K^[x-y)dCQ[y) 



< «(Q) 

- m ■ 
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For X G Lq n B{zq, |d((5)), notice that the second integral on the left hand side above 
vanishes because T^Cq vanishes identically on Lg, and so V uTm^Q^x) = 0. Therefore, 

(6.5) 



\WuTml^ix)\ < ^ if X e B{ZQ, |d(g)) n Lq. 



m 

Consider now x G B{zQ,2d{Q)) and let x' be the orthogonal projection of x onto Lq. We 
may assume that x' G B{zq, |d((5)) because otherwise dist(a;,LQ) > ^{Q) and then (6.4) is 
trivial in this case. Thus, from (6.5), if x G B{zq, 2d((5)) and x' G B{zq, |d((5)) we get 

"(<5) , |,V72. 



+ II V T„/x||oodist(a;,LQ), 



which yields (6.4). 

With (6.4) at hand, the lemma follows easily: given x, y G B{zQ,2di{Q)), we have 



(6.6) 



\T^n{x) - T^fJ,{y)\ < sup ||V„r^//||oo,[x,j/] \x-y\ + \\VT^ii\\oo\^l^{x - y)\, 



where the supremum on the right side is taken over all unit vectors parallel to Lq. From (6.4) 
we get 



a 



sup ||V„T^/x||oo,[a:,2/] < + 



(Q) sup^g[^^j,] dist(z, Lq) 



^ «(Q) dist(a;, Lq) + dist(y, Lq) 

- i{Q) ^ 

Plugging this estimate into (6.6) we are finished with the lemma. 
By the preceding result and the definition of ^4^, we have 

i{S) 



□ 



(6.7) 



fe>J(R) SeVm- SCR" 2 



\TklJ'\ 



a{R) 



m 



+ dist(a;, Lr) + dist(x5, Lr) + 



in 



L±[X-Xs) 



dii{x). 



e{R)^ ' i{R)^ e{R) 

By Remark 5.3 we have 

(6.8) dist(a;, Lr) < dist(a;, Ls) + E «(^)^(^)- 

Pev-.ScPcR 

The same estimate holds if we replace x by xs (and in this case dist(a;5, Ls) — 0). 

Now we want to estimate the term |n^±(x — xs)\- Let Q G Pjt be such that x E Q. We 

It 

have 

l^L-^ix - Xs)\ <\liL^{x - Xs)\+ E \^Lj,{x - Xs) -lil^ix - Xs)\, 

PeV:QcPC3R 

where P stands for the parent of P. Since xs G Lg, we have |n£^±(a; — xs)\ = dist(a;, L^). 
Moreover, from Lemma 3.4 it follows easily that 

|n^x(x - xs) - n^x(a; - xs)\ < aiP)\x - xs\ < a{P)i{S). 

^ p 

Therefore, recalling that m = m{J{R), k) = [{J{R) + k)/2], 



(6.9) 



l^Liix -xs)\< dist(x, Ls) + E «(P)£(g)V2£(i?)V2. 

Pev.QcPcsR 
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From (6.7), (6.8), and (6.9), we infer that 



QC3R 

(6-10) 



QC3R ^ ' '' PeV:QcPC3R 

Notice that, ahhough it is not stated exphcitly, ^S" depends on Q in Ar. In fact, we should 
properly write Sq instead of 5*. 

Estimate of A]^^ in (6.10). For each Q C -R, by Cauchy-Schwartz we have 

Qc3i? 



Using Lemmas 5.1 and 5.2, we get 

iieX" R£VQC3R ^ ' ReVSc3R ^ ' 

<5]^^(Q)/.(Q)<^a(Q)V(Q)- 
Estimate of A^r in (6.10). By Lemma 5.1 and Cauchy-Schwartz, we have 



■4i:£E§f^[ E 

QC.3R ^ ' PgV:QcPC3R 



(6.11) 



Thus, 



QC3i? ^ ^ ^ v-v// p^x>:QcPC3R 



ReX> ReVQc3R ^ ' PeV:QcPC3R 

HQ)"' 



= E«(^)' E "W) E 

PeX" Q:QCP R:3RDP ^ ' 

<Y.<pf E MQ)^<E"(^)Vi')- 

Pel? Q:Q(zP ^ ' Pev 

6.2. Estimates for Sj,fc in (6.1). Recall that for j, k, with k > j, we have 

seVm 

where m — [{j + k)/2]. We say that two cubes S,T e (of the same generation m) are 

neighbors if dist(5', T) < 2""* and S ^ T, and then wc write S G N{T) and T G N{S). The 
number of neighbors of a given 5* G P is bounded above independently of 5", i.e. there is 
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some constant C such that #{T G "D : T G N{S)} < C for all S E V. From the fact that 
supp(i^fe) C -8(0, 2^'^"^) and the antisymmetry of we infer that, for S,T E V of the same 
generation, {i^s,Tk{'^Tlj)) — unless S and T are neighbors. So we have 

(6.12) Bj^k = ^ ^ Tji^{xs){(ps,Tk{(PTfi))- 

SeVm TeN{S) 

Using the antisymmetry of T^, reordering the sums, and interchanging the notation of S 
and T we get 

seVm TeN(S) 

(6.13) Yl Tjl^{xs){^T,Tk{cpsfJ')) 

TeVm SeN(T) 

= - XI Y TjH{xT){(ps,Tk{ipTl^))- 
seT>m TeN{S) 

If we take the mean value of (6.12) and (6.13) we obtain 

Bj,k = Iy Y i^A^s) - TXxT)){fs, m^Tf^)) 

seVm TeN{S) 

= IY Y i^A^s) - TjKxt)) [{'PS, Tki^Tl^)) - {^S, Tk{ipTCs))cs 

(6.14) seVmTeN{S) 

^\Y Y {^j^^^s) - TjHixr)) {fs, Tk{^T^s))cs 
seVra TeN{S) 

where we used the notation {f,g)cs — J fgdCs- 

6.2.1. Estimates for B J ,^ in (6.1). Since {(ps:Tk{(ps^s))cs — Tk{Cs) vanishes identi- 
cally on Lsi we have 



(6.15) sev^TeN^s) 



= Y Tj^{xs){(ps,Tk{Cs))cs = 
Interchanging the roles of 5* and T, and using the antisymmetry of we also get 

(6.16) T.v^smT, 

^ Y Y ^A^'r){<PS,Tk{<PTCT))cr. 
TeVm SeN{T) 
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Thus, if we plug (6.15) and (6.16) into the definition of 5^^^., we get 



(6.17) 



seVm TeN{S) 

= E E Tjll(xT)[{^S,n(^TCT))cr-{'PS,n(^TCs))cs]- 

seVm TeN{S) 

Claim 6.2. For all S,T & which are neighbors, we have 

{^s,n{^TCT))cr - {^s,T,{^tCs))cs\ < 2-l^'-'='/^a(5)£(5)". 

Proof. Take S,T ^ V„i which are neighbors. To prove the claim we may assume that a{S) is 
small enough, so that the angle between Lt and L5 is < 7r/4. This is due to the fact that 

\\n{<fTCT)\\oo,Lr + \\n{fTCs)\\oo,Ls < ^-^'-'^Z'. 

See (6.22) and (6.25) below for some details. 

Let p : Ls ^ Lt he the orthogonal projection from Lg into Lt- Let p~^Ct be the image 
measure of Ct by p~^. So p~^Ct is a multiple of the n-dimensional Lebesgue measure on Ls- 
It is easy to check that p~^Ct = ci^s, where a is some constant such that |a — 1| < a{S). 
Then we have 



(6.18) 



{<PS,Tk{(pTjO,T))jCT = J VsTki^T^T) dCT 

= « Ji^s°p) {Tki^T^T) op) dCs- 
We spht the inequality in the claim as follows: 

a j i^s o p)Tk{{^T o p) JO,s) dCs-a J {^ps o p)Tk{ipTCs) dCs 



(6.19) 



+ 



a j {(fs °p)Tki^TCs) dCs-a J (^sTkivrCs) dCs 

+ \a-l\ \ {^s,Tk{ipTCs))cs \ D^ + D^ + D^ + D^. 
We will show that each of the four terms on the right hand side of the above inequality 

For the first term, by (6.18), it is enough to show that if a; G L5, then 
(6.20) \{Tk{^TCT) op){x)-Tk{{vTop)Cs){x)\ < 2-\^-^\/^a{S). 

To this end we set 



(Tki^fTCT) op){x) = J Kk{p{x) - y)^T{y) dCT{y) 

^aj Kk{p{x) -p{y))(pT{p{y))dCs{y)- 
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Since p is an afiine map, it can be written as p = b + p, where b is some constant and p is 
linear. So we have K^ipix) — p{y)) = {Kk o pj(^x — y). Using the oddness oi o p (recall 
also that x e L5), we get 

{Tk{(pTJO,T) op){x)^a J [Kk op){x- y)(pT{p{y)) dCs{y) 

= a j (Kkop) {x-y){^T{p{y))-^T{p{x)))dCs{y). 

Again by the oddness of K^, 

(6.21) Tk{{ipTop)Cs){x)= j Kk{x-y){MPiy))-MPix)))dCs{y). 
Therefore, 

I (TkiipTCr) o p) {x) - n{{ipT o p)Cs) {x) I 

(6.22) <\a-'^\\Tk{{VTop)Cs){x)\ 



+ H j\Kkop- Kk\{x - y) \ipT{p{y)) - ipT{p{x))\dCs{y). 



To estimate the term \Tk{{'^T ° p)i~'s){x)\ we use the identity (6.21). Since supp(irfc) C 
S(0, 2"^^"^), for X e L5 we derive 

\Tu{{ipTop)Cs){x)\ < ||V(<^Top)||oo2-*= I \Kk{x-y)\dCs{,y) 
(6-23) , 

To estimate the last integral in (6.22), we take into account that 

\Kkop-Ky\{x-y)< ||VX,||oo|p(x -y)-{x- y)\ < ~_l(i+i7 ^' " 

It is easy to check that ||p — /|| < a{S). Moreover, we can assume \y — x\ < 2~^. So we get 
\Kkop- Kk\{x -y)< a{S)2^^. Thus 



J\KkOp- Kk\{x - y)\(fT{p{y)) - (fT{p{x))\dCs{y) 



< a{S)\\V{^Top)\\^2-' < a{S) « 2-l^-^l/2a(5). 

So (6.20) follows from (6.22), (6.23), the last estimate, and the fact that |a — 1| < a{S). 

Let us turn our attention to the term D2 in (6.19). Let us denote f{y) — fTipiy)) —friy)- 
By the oddness of K^, for a; e L5, we have 

Tk{{^Top)Cs){x)-Tk{^TCs){x) = J Kkix-y){f{y)-f{x))dCs{y). 

Thus, 

\T,{{ipTop)Cs)ix)-T,iipTCs){x)\ < ||V/||oo2-^ 

and so 

(6.24) < \\Vf\U2-'i{Sr. 



< 
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We will show that ||V/||oo % (^{S)/i{S), and we will be done with D2. Indeed, we have 

^ + ||VVr||ook-p(2^)| < 

as promised. 

To deal with the term in (6.19), we notice that for x E Ls we have 

(6.25) \n{^TCs){x)\<2-^^-'^/'. 
The proof is analogous to the one for (6.23). We also have 

(6.26) \{^sop){x)-^s{x)\ < \\V^s\\oo\p{x)-x\ <-±-^a{S)e{S) = a{S). 

From (6.25) and the preceding estimate it follows that D3 < 2^'-'^^'''^a(5')/i(5'). 

Finally, the estimate for the term 1^4 in (6.19) follows from (6.23) and the fact that |a — 1| 
a{S). □ 

We are ready to estimate ^j^^j B^ i, now. By (6.17) and Claim 6.2, we have 

j,k:k>j j,k:k>j SeX'^o,^) T€N{S) 

Since xt E T (1 Lt, we have \Tjfj,{xT)\ ^ Oi{T) < a{S) for T e N{S), where S denotes the 
parent (or a suitable ancestor) of S. Thus, 

E 14.1 ^ E E 2-l-'=l/^a(^)V(5). 

j,k:k>j j,k:k>j SeX'mO,^) 

Recalling that m{j,k) = [{j + k)/2], we get 

j,k:k>j j& SeV:e{S)<2-i 

= j;a(^)V(^) Yl §§^E"(^)V^)- 

Sev j:2-j>i{S) sev 

6.2.2. Estimates for B J f. in (6.14)- We have 

^Ik^ E E i'^jl^i^s) -Tjnixr)) {(ps,Tk{(pTfi)) - {(Ps,Tk{(PT^s))cs 

S&Vm TeN{S) 

Let us estimate the difference ((/p^, Ti^{ipT^)) — {^Ps: Ti^i'^rJl^s)) Cs- Let {^Q}QeVu be a partition 
of unity with ipq e C°°, ||V(^q||oo < l/l{Q), and supp((^Q) C 2Q for each Q e Pfe, and set 
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i'Q = V^Q'Ps- We have 
(6.27) 



QeVk 



QeVk 

First we consider the sum ^i. By the definition of a{Q), for x G 2Q we have 



(6.28) 



J Kk{x - y)cpT{y) dfx{y) - J Kk{x - y)ipT{y) dCgiy) 



< 



a{Q), 



since supp{Kk{x — ■)'^t) C Bq and ||V(A'fe(a; — •)<^t)||oo ^ l/i{Q)"'^^. Now we write 

\{lpQ,Tk{(pTfi)) - {lpQ,Tk{<fTCQ))cg\ 

< \{'tPQ,Tk{cpTfJ^))-{tPQ,n{^TCQ))\ + \{lPQ,Tk{^TCQ))-{lPQ,n{^TCQ))c^\. 

By (6.28) the first term on the right side is < a{Q)ijL{Q). By Fubini, the second term on the 
right side equals 

I (v^T, Tk{ijQfi))cQ - {^T, Tk{ipQCQ))cQ\, 
which by (6.28) is also < a{Q)fi{Q). Thus, 

(6.29) \S,\< Yl 

QeVk-.Qcss 

Now we consider the sum 5*2. 
Claim 6.3. For all S,T & T>m which are neighbors and Q C 35*, we have 

P:Q<ZP(Z3S ^ ' 

Proof. The estimates are very similar to the ones in Claim 6.2, and so we only give some 
hints: we assume that ^p.Qc:Pc3s'^(-^) l|fy small enough and we consider the orthogonal 
projection p from Lq into Lt- Then we split the term (^q, Tk{ipT^Q)) Cq - {i^Q, Tk{(pTjO-s)) Cs 
like in (6.19), so that we obtain terms analogous to L>i,...,L>4. The new estimates for 
Di, D2, are very similar to the ones in the proof of Claim 6.2. The main difference is that 
now wc have \\p - /|| < Ep:Qcpcs"(^)- 

For the term D3, inequality (6.26) should be replaced by the following: 

i(V'Qop)(x) - V'q(x)i < wvMooHx) - x\ < 

P:QCPC3S 

and then, by (6.25), 



^^^^ P:Q<ZP(Z3S 



□ 
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So we have 

(6.30) S2< Yl E «(^) 77^ /^(^) ^ E "(^) 77^ /^(^) ^ 

QeVk:QC3S P:QCPC3S ^ ' PcZS ^ ' 

On the other hand, if we denote by it! the cube in the generation j which contains by 
Lemma 6.1 we have 

|T,/x(a;s) - Tj[x[xT)\ < i{S} 



+ 



\Ul±{xs-xt) 



Therefore, by (6.29) and (6.30), 
\Blk\<Yl E [ E c.{Q)pi{Q) + A{S)pi{S) 



X E 

TeN{S) 



a{R)jp^ + dist(x5, Lr) + dist(xT, Lr) + « 



'£(i?) -^£(i?)2 -^£(i?)2 



We have 

dist(x5, Lr) + dist(xT, Li?) < Yl «(^)^(^)' 

P:5cPCil 

and also, arguing as in (6.9), 

P-.SCPCR 

Therefore, 

14.1 ^E E [ E ^iQHQ)+A{SMS)] Y ^(P^J§y 

ReVj seVm-scR QeVk-.Qas p-.scpcr ^ ' 



and so 



3,k Rev QcR P-.QcPcR ^ ' Rev SCR PiScPcR ^ ' 

^EE^(^H^) E «(^)§|w^ 

Rev ScR P:SCPCR ^ ' 

-5:^(5)/.(5) Y <p)Ww 

SeV P:SCP ^ ' 

By Cauchy-Schwartz we obtain, 

E 14/^1 ^ (E'^('^)''"('^))'^'(E«(^)''"(^))'^' <Y^isf^^{S). 

j,k SeV Pev Sev 
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7. RiESZ TRANSFORMS AND QUASIORTHOGONALITY 

In this section we will prove Theorem 1.4. First we introduce the functions that are 
used to define the kernels of the doubly truncated Riesz transforms. 

Definition 7.1. Let ip : [0,+oo) [0, +oo) be a non increasing function such that 
X[o,i/4] < < X[o,4]- Suppose moreover that \ip'\ is bounded below away from zero in [1/3, 3]. 
That is to say, 

(7.1) X[iA3] <C5|^'|. 

For m e Z and a; G M*^ denote Pm{x) = 1 — ■?/'(2^™|a;p) , and 

^m{x) = V^(22™|a;|2) - V^(22™+2|x|2). 

We set 



(7.2) 



Vm{x - y) 



\x-y 



n+l 



dn{y). 



Notice that supp(p^) C M"^ \ fi(0, 2"™-!) and supp((^^) C A(0, 2-"*-2, 2""*+^). Moreover, 

i^mix) = 1 for all X ^ 0, 



and so, formally. 



where R/i stands for the n-dimensional Riesz transform. 

7.1. Preliminciry lemmas. Given a function (p : [0, +oo) — > [0, +oo) and £ > 0, we denote 



Rv,el^{x) 



\x - y\ 

£2 



x-y 
\x — yY^^ 



d[i{y). 



For the applications below one should think that <^ is of the form 

(^(t) = l-V(i) or (/p(i)=V(^)-V'(V4), 

where i\} is the function introduced in Definition 7.1. If e = 2~"*, in the first case we have 
</7(|xp/£2) = p^(a;), and in the second one, ^{\x\^ je^) = ipm{x). 

Lemma 7.2. Let ip : [0, +oo) [0, +oo) be a function with supp((/9) C [1/4, +oo) and 
supp(9?') C [1/4, 4]. Let e > and let x eW^ such that \x\ < e/4. We have 

(7.3) R^M^) - RfM^) = T{x) + E{x), 

with 



(7.4) T{x) 
and 



\y 



n+l 



\y\ 



X — 



[n+ l){x-y)y 



I ^, f\y?\'^{x ■ y)y 



dii{y), 



\Eix)\<Ce 



Given a unitary vector v, if supp {(f) C [1/4,4], then we have 

|2 



(7.5) 



\E{x) • vl < Ce 



\x\ \x ■ v\ 



The constant Cq only depends on ||(^*^'^-*||oo; A; = 0, 1,2 



+ 



\x\ 



rn+3 



\y ■ v\ diJ.{y) 



B(0,2s) 
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Proof. The lemma follows by a direct application of Taylor's formula. Indeed, let g{s) 
(^(sj/s*-""*""^^/^. By Taylor's formula, 



,(n+l)/2 



{n+l)/2 
^0 



(n+3)/2 
^0 



for some ^ G [s, sq]. If we set s = \x — y\'^ /s^ and sq = |yp/£^, and we multiply by {x — y), 
we get 

\x-y\^\ x-y f\y\^\ -y , 



(7.6) 



\x - y\ 



n+l 



+ 



\y\ 



e 



n+l 



X 

n+l 



|^|n+3 

— 2a; ■ y)' 



a; 



- 2a; ■ I/) (a; - |/) 



{x-y), 



where ^^^^j^ G \x — yp/^^]. If we integrate with respect to and we obtain (7.3), 

with E{x) = J E{x,y)dfj,{y), where 



E{x,y)^ 



\y\ 



n+3 



\y\\jf\y\ 



-If 



n+l 



\y\ 



2\ n 



\\x\'^x — — 2(a; • y)x] 



+ 9"{Uv) 



— 2a; ■ y)' 

2e"+5 



{x - y) -. Ei{x, y) + E2{x, y). 



Now we have to estimate the term E{x). From the assumptions on ip, we have 



\y? 



\y\' 



,f\y\' 



and then it easily follows that 



\Ei{x,y)\ 



~ U,\n+2- 



Now we deal with £'2(2;, y). We have 

9 - s(n+5)/2 

By the properties of we have |5'"(s)| < l/lsl^""*"^)/^. To estimate g"{Cx,y) we may assume 

that ^x^y > 1/4 since otherwise g"{Cx.y) = 0. Recall that $,x,y ^ [bl^/^^' 1^ ~ ^'^ 
it easily follows that the condition ^x,y > 1/4: implies that \y\ > e/A, and then ^^^y \y\^/e'^. 
Thus, \g"{^x,y) \ ^ in any case, and then 

\E2{x,y)\< 



\y\ 



n+2 



Moreover, for \x\ < e/A and \y\ < e/4, it is easy to check that Ei{x,y), i = 1,2, vanishes. 
Then, integrating the estimates for Ei{x, y) with respect to and y, one gets |-E'(a;)| < \x\'^ /e^. 

Assume now that supp(</?) C [1/4,4] and take v G R"+^. To estimate \E{x) ■ v\ we may 
assume that y G A(0, s/4, 3s) because otherwise Ei{x, y) = 0, for i = 1, 2. We get 



\x 



\Ei{x,y)-v\ < —^{s\x-v\ + \x\\y-v\). 
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Concerning E2{x,y), we have 

1 IxP 
\M^,y) -^l^^ \9"iix,y\{\x\^ - 2x ■ yflix -y)-v\<^{\x-v\ + \y v\). 

Integrating with the preceding inequahties with respect to /i and y e A{0, e/A, 3e), we 
obtain (7.5). □ 

We will also need the following result. See [DSl, Lemma 5.8] for the (easy) proof. 

Lemma 7.3. Given Q eV, there are n + 1 points Xq, . . . ,Xn in Q such that dist(xj, Lj_i) > 
C^^i{Q), where denotes the k-plane passing through Xo,...,Xk, and where C7 depends 
only on n and Cq. 

Lemma 7.4. Let (p : [0,+oo) — > [0, +cxo) be a function with supp((^) C [1/4, +00) and 
supp((/?') C [1/4, 4]. Suppose also that ip is non decreasing and that X[i/3,3] < Csf'- Let 
Q E V and Xq, . . . ,Xn E Q be like in Lemma 7.3. Denote r = d{Q) and let e > Ar. Suppose 
that A{xq., £/\/2, \/2e) fl supp(/i) 7^ 0. Then any point Xn+i e 2>Q satisfies 

ra+l n 

dist(a;n+i, Lq) < £ 2_, \R^,^l^{^j) - R'P,el^{xQ) \ H , 

where Lq is the n-plane passing through Xq, . . . , x^- 

Proof. Without loss of generality we assume that Xq = 0. We denote by z the orthogonal 
projection of Xn+i onto Lq. Then by Lemma 7.2 we have 

(7.7) \T{xj)\ < \R^^,^{xj) - R^,eli{xo)\ + ^• 

for J = 1, . . . , n + 1. Let ei, . . . , e„ be an orthonormal basis of Lq, and set e^+i = {xn+i — 
z)/\xn+i — z\ (wc suppose that Xn+i ^ Lo)^ so that e„+i is a unitary vector orthogonal to Lq. 
Since the points 0;^, j = 1, . . . , n are linearly independent with "good constants" we get 



n 1 " 



for i = l,...,n. Also, since z E Lq and \z\ < r, we have 1^(2;) | < Sj=il^(^j)L 

by (7.7) (with j = n + 1), 

(7.8) 

l^^^"-^^)" = dist(x„^„Lo) - - dist(x.^„Lo) (g '''-^^"^■^ - ""-^^""^l + ^) ■ 
Therefore, 

rt+l ^ n+1 2 

(7.9) ■ %| < j^t(.„,..Lo) (IJ 1^-"'^^) - ^-"(^"^l + ?) • 
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On the other hand, from the definition of T in (7.4) if we denote y(j,) = y ■ Ci, we get 
(7.10) 



£2 



£^ *e [2/5,5/2]^ iA(0,(2/5)i/2£,(5/2)i/2£) ^ 



1 /■ 1 

~ / \y\^dii{y) > -, 

' JAf0,f2/5)i/2£,(5/2)l/2£) £ 



^ yA(0,(2/5)i/2£,(5/2)l/2£) 

since A{0,e/2^/^, n supp(^) 7^ 0. The lemma follows from (7.9) and (7.10). □ 

Remark 7.5. For m > p, set Rm,pH = Yl^=p^kf^ and R(m)l^ = 'l2j>m^jf^- Take £ = 2~"* 
and £2 = > £, and (/?(t) = 1 — ip{t), where ip is the function introduced in Definition 7.1. 
Under the assumptions and notation of Lemma 7.4, 

dist(xn+i,Lo) < e^i'^lRkiiixj) - Rkii{xo) \ + \R^p)ii{xj) - R^p)ii{xo)\ j H . 

i=l ^k=p ' 

It is easy to check that 

|%)/x(xj) - %)/x(a;o)| < — . 

£2 

As a consequence, we get 

n+l ni 2 

(7.11) dist(x„+i,Lo) < £ |i?fcAi(a;j) - -RA;A*(a;o)| H \ . 

^ , £ £2 

Lemma 7.6. Let ip : [0, +00) — >• [0, +cx)) he a function supported in [1/4, 4] such that 
X[i/3,3] < C's^'- -^ei Q &T> and xq, . . . ,Xn & Q be like in Lemma 7.3. Let r — d{Q) and e such 
that2'^~^r < e < withm > 4 big enough. Suppose that A{xo,e/y/2, -\/2£)nsupp(//) 7^ 0, 
and also that dist(a;j, Lq) < CgP2{Q) for i = 0, . . . ,n, where Lq is the n-plane that minimizes 
P2{Q)- There exists some constant So (depending only on n,d,Co,Cs,Cg and ||(^^^-*||ooj k — 
0, 1, 2j such that if 

m 

J2MB{xo,2'r))<5o, 

k=0 

then any point Xn+i G 3Q satisfies 

dist(x„+i,Lo) <ey2\R^,sl^{xj) - R^,sl^{xo) \ + / dist{y, Lo)did{y), 

j=l ^ JB{xo,2e) 

where Lq is the n-plane passing through Xq, . . . ,Xn. 

Proof. The proof is similar in part to the one of Lemma 7.4. Like in Lemma 7.4 we assume 
that xo — and we denote by z the orthogonal projection of Xn+i onto Lq. We denote 

V = (xn+i — z)/\xn+i — z\ (we supposc that Xn+i ^ Lq), and we set T'"{x) = T{x) ■ v, 
E'"{x) = E[x) ■ V, where T{x) and E{x) arc defined in Lemma 7.2. This lemma tells us that 

(7.12) \T\xj)\ < \R^M^j) - R^M^o)\ + lE'^ixj)]. 
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for j = 1, . . . ,n + 1. Arguing like in (7.8) we deduce 
(7.13) 

1 1 ""^^ 

I^WI = diS(W^I^'^-^»«>l ^ di.tK,..L„) E(|i^.Mfe)-ii.,.,.(xo)|+|^-(.,)|). 

Moreover, by (7.5) we have 

(7.14) j:mx,)\ < ^diBt(xn^i^Le) ^ | dist(,, Lo) d^y), 



since ||/ • < dist(|/, Lq). 

Now we need to estimate T"(v) from below. By the definition of T in (7.4) we have 



\y\ 



n+l 



dn{y) 



Recall that yl(0, e/\/2, \/2e) n supp(/i) ^ 0, and so 



Then we infer that 



™/ N ^ C'lo ^ [ dist(|/,Lo)^ . . 



For 1/ e i?(0, 2^), we have 

m 

dist(y, Lo) < dist(y, LB{fi,2e)) + dist/^(Lo, i^B(o,2£)) < dist(y, -Lb(o,2£)) + ^ /^2(-B(0, 2*^r)), 

fe=i 

where LB{Q,2e) stands for the n-plane which minimizes /32(-B(0, 2s)). Therefore, we get 
and then, 

r^(^) > ^ _ 

As a consequence, if 5q is small enough, T'"{v) > Prom this estimate, (7.13), and (7.14) 
we deduce that 



^2 /. 

dist(a;„+i,Lo) < £y'|i?^,£/x(xj)-i?^,^/x(xo)| + — ^ / dist(7/, Lo)o?/x(|/) 

j=l ^ JB{xo,2e) 



f t ^ rdist(a;n+i,i^o) 



If e/r is big enough, the lemma follows. □ 



32 XAVIER TOLSA 

7.2. Proof of Theorem 1.4. The second statement of the theorem is a dhect consequence 
of (1.10). So we only have to deal with (1.10). To prove it, first we will estimate P2{P) for 
any P <Z Q, P & V^, with P small enough. To this end, take points ?/o, ...,?/„ in P as in 
Lemma 7.3 and set e — 2~"*, with e ^ d(P) to be fixed below. 

Let r = d(P). It is easy to check that there exists some constant < C13 < 1 small enough 
such that any collection of points Xq, . . . ,Xn with Xj e B{yj, Ciar), j = 0, . . . ,n, also satisfies 
the conditions of Lemma 7.3 (maybe with some constant somewhat bigger that C7). Consider 
the sets 

G, = {xe B{yj, Ciar) : dist(a:, Lp) < CuP2{P)i{P)} J = 0, . . . , n, 

where Lp is the n-plane that minimizes P2{P)- By Chebyshev, if Cm is chosen big enough, 
/i(G',)>//(P(y,-,Ci3r))/2foralli. 
We distinguish two cases: 

1) Suppose that Y,m+i<i<k P2{B{z, 2~*)) < So for any z e Go- 
Take xq,. . .,Xn so that Xj e Gj for each j. Notice that if 2""° > Cg, then A{xo, 2"*+^) n 
supp(/i) 7^ for some i with m < i < m + itlq (here we need to assume that e < d(sTipp(/i)), 
which is true if P is small enough). Then, by Lemma 7.6, any point Xn+i G 3P satisfies 

m+mo n+1 2 r 

(7.15) dist(a;„+i,Lo) < £ y^ARiix{xj) - Riii{xQ)\ + —— / dist(|/, Lo)rf/i(i/), 

where Lq is the n-plane passing through Xq, . . . and the constant in < may depend on 

Let P be the smallest ancestor of P such that 3P contains P(a;o, 2™""'"^e) for all the points 
G Go- Clearly, £(P) ~ 2~™ = £. Because e Gj for < j < n, it is easy to check that 
for all 1/ G P, 

dist(y, Lo) < dist(|/, Lp) + (ij^ (Lp n P(a;o, d(P)), Lo n P(a;o, d(P))) 
<dist(y,Lp)+£ /^2(M). 

MeI>:PCMcP 

Therefore, 

/ dist(y,Lo)d/x(y)<£"+^ /32(M). 

By (7.15) and the preceding estimate, we get 

(7.16) ^!^^^f^<5jEEl«"'fe)-«<''WI' + M 

i=m j=l MeP:PCMcP 

Since 

( 5^ /32(M))'<log(e/r) /32(M)^ 

MeTi-.PcMcP MeTi-.PcMcP 

integrating (7.16) on Xj G Gj for < j < n and on Xn+i G 3P, we obtain 

2 m+mo 2 

(7.17) p^ipfm < ^ E P^/^iiL(.i3P) + ^ log(^) E /52(M)V(p)- 

«="^ MeV:PcMcP 
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2) Suppose now that , i<j<jt /92(-S(^, 2~*)) > Sq for some z e Gq. This imphes that 



J2 P2{M) > 5o, 



MeV:PcMcP 

where P is defined as in the first case. 

Also as in case 1), we take xq, . . . , .x„ with xj G Gj for all j. Recall that A{xo, 2^*, 2~*+^) fl 
supp(/x) 7^ for some i with m < i < m + mo, assuming that 2™° > Gq and that P is small 
enough. Then, by Lemma 7.4 and the subsequent remark, if set £2 = 2*'°£ with po > 1, any 
point e 3P satisfies 

ra+l m+mo 9 

} \RklJ'{xj) - RkKxo) \ H \ • 

— S £2 

J = l fc=m-po 

If we take £2 such that re/ 62 ~ r^/s, we get 

n+1 m+mo 2 

dist(x„+i,Lo) < ^E E l^feAi(^j) ~ ^fcAi(a;o)| + 



j=l k=m—po 



£ 



n+1 m+mo 2 

J] |i?,/x(x,)-i?fe/x(xo)| + ^ E /52(M). 

j=l k=m-po ° MeV:PcMcP 

Operating as in (7.16) and (7.17), we obtain 

2 m+mo 2 

(7.18) f32{P)MP)<'-2 E II^^/^IIL(.|3P) + ^ log© E /^2(M)V(P). 

j=m-po M£V:PCMCP 

Notice that in both cases 1) and 2) the estimate (7.18) holds for any cube P with i{P) < 
Gi5£{Q), where C15 is small enough and depends on £, r, etc., since po < m and 60 < 1. Recall 
that in (7.18) we have r Ri £{P) and e — 2'^ !v ^(-P)- Given some constant < r ^ 1 to be 
fixed below and any dyadic cube P C Q, we take £ such that r ^ t£. The sum of (7.18) over 
PcQ such that i{P) < Gi5£{Q) gives 

J2 /52(P)V^)<C^(r)Ell^^/^llL(.|3Q) + ^^^^!^^E E /52(M)Vi^). 



(5 

PCQ iGZ pcQm-.pcmcp 

i(P)<Cl5i{Q) 



Now we use |J(P) — J(P)| ~ |logT|, as well as the trivial estimate (32{P) < 1 for £{P) > 
Ci5i{Q), and then we obtain 

PcQ iei ° PcQ 

If we choose r such that Cier^l logrp/^Q < 1/2, the theorem follows. □ 
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